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The possibility of realizing non-Abelian excitations (non-Abelions) in two-dimensional (2D) Abelian states
of matter has generated a lot of interest recently. A well-known example of such non-Abelions are parafermion
zeros modes (PFZMs) which can be realized at the endpoints of the so called genons in fractional quantum
Hall (FQH) states or fractional Chern insulators (FCIs). In this letter, we discuss some known signatures of
PFZMs and also introduce some novel ones. In particular, we show that the topological entanglement entropy
(TEE) shifts by a quantized value after crossing PFZMs. Utilizing those signatures, we present the first large
scale numerical study of PFZMs and their stability against perturbations in both FQH states and FCIs within
the density-Matrix-Renormalization-Group (DMRG) framework. Our results can help build a closer connection
with future experiments on FQH states with genons.
PACS numbers: 73.43.Cd, 05.30.Pr, 73.43.Nq, 03.67.Mn
Introduction.– Non-Abelian (NA) anyons are building blocks
of topological quantum computation [1] and there is an active
research on various ways of realizing NA anyons in 2D topo-
logical states of matter [2–13]. It has been recently shown
that NA anyons can be realized in Abelian states through per-
turbing the parent state by electron pairing, or interlayer elec-
tron tunneling/coupling [14–29]. For example, it has been
shown that the PFZMs are bound to the endpoints of genons
which are domain walls between topologically distinct one di-
mensional (1D) mass terms (see Fig. 1(a)) [30–36]. These
PFZMs can be viewed as ZN generalizations of Majorana
zero modes [19, 30–34, 37–41]. Despite the extensive the-
oretical research on PFZMs [42–49] and a very recent exact
diagonalization study of ideal genons [50], a careful study of
the stability of such NA excitations against perturbations in
2D is still lacking. For examples, it is not clear whether we
still obtain PFZMs for a genon where both αy and βy cou-
plings of Fig. 1(a) are non-zero while their relative strengths
yet changes sign. Such questions are relevant for the ongoing
efforts towards experimental realization of PFZMs. In this let-
ter, we address this problem in detail and using novel features
of PFZMs and large scale DMRG simulations we provide new
insights into this problem and present the phase diagram of the
system for arbitrary values of αy .
In this letter, we focus on genons in 1/3 Laughlin state and
consider its Landau level (FQH) as well as lattice (FCI) re-
alizations. The genons can emerge in either single layer or
bilayer states both with two trenches which lead to two pairs
of counter-propagating edge modes localized normal to the
boundary of the trenches. The fact that (ideal) genons change
the genus of spacetime can be easily understood through what
we will refer to as cut and glue approach (or what mathemati-
cians refer to as surgery theory) (see Fig. 1(b)). The main
idea is that we can create edge modes by making physical
cuts (trenches) in the system, and gap them out by strongly
coupling a chiral mode with an anti-chiral one. The latter pro-
cedure can be imagined as physically gluing those two edges
to each other. In Fig. 1(a) we have considered periodic bound-
ary condition for the parent state (a single layer 1/m Laughlin
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Figure 1. A schematic of genons and the cut and glue approach. (a)
Creating two horizontal trenches in topological states results in two
chiral and two anti-chiral edge modes. Any two counter-propagating
edge modes can be coupled strongly to gap them out which can be
viewed as gluing their corresponding edges. In region A, we as-
sume the dominant coupling is between (1R,1L) and (2R,2L) pairs
with strength αy while in region B, the major coupling is turned on
between (1R,2L) and (1L,2R) pairs whose strengths are βy . We im-
pose the αy(x) + βy(x) = 1 local constraint. (b) The cut and glue
procedure will result in Fig. 1(b), whose genus is increased by one
compared with a case where region B does not exist. Furthermore,
making entanglement cuts at points xA and xB will result in one and
two homotopically nontrivial cycles, respectively which will impact
on the TEE measurement. (c) The juxtaposition of those edges which
are interacting more strongly yields Fig. 1(c). Doing so, the emer-
gence of a pair of twist operators inserted at x1 and x2 point which
exchange the edge modes in one sector only (in this figure, L sec-
tor) becomes apparent. We could draw it differently and obtain twist
operators exchanging the right modes, while leaving the left modes
intact. (d) A cartoon relating the Hamiltonian of ideal systems with a
system that is neither a perfect single chain nor two decoupled chains.
This 1d cartoon can be trivially generalized to 2d systems.
state) along y direction, thus the modes 1R, and 1L are indeed
geometrically neighbors. After digging the trenches and creat-
ing the four gapless modes of Fig. 1(a), we decide to gap them
out again which can be physically achieved by turning on elec-
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2tron tunneling/interaction between counter-propagating edge
modes. However, as Fig. 1(a) suggests, we have two choices
to do so, namely we can pair up edge state (1R) with (1L)
(and hence (2R) with (2L) or alternatively (1R) with (2L) (and
hence (2R) with (1L)). On the other hand, these two choices
are topologically distinct and as a result the domain wall be-
tween them carries non-trivial excitations, in this case PFZMs.
This result can also be understood within the bosonization
approach where the edge theory and their couplings are de-
scribed by the following sine-Gordon model [33]:
H1Deff =
m
4pi
∫
dx
[
(∂xϕs)
2
+ (∂xθs)
2
]
−g0
∫
dx
[
βy (x) cos (mϕs) + αy (x) cos (mθs)
]
,(1)
where ϕs and θs are conjugate bosonic variables. In this let-
ter, we assume the αy(x) + βy(x) = 1 local constraint. We
now imagine that αy is vanishing outside region B, and simi-
larly βy vanishes inside B. Using the cut and glue approach,
we obtain a Riemann surface which is distinct from the parent
state which was a cylinder (torus) for open (periodic) bound-
ary condition along x. The new surface has an additional hole
or genus in the middle, hence the name of genons. It is worth
mentioning that the curvature of the space diverges near x1
and x2 and vanishes away from them, thus only these two
points contribute to the Euler character and are responsible
for the additional genus. Since the ground-state degeneracy
(GSD) of the Abelian states depends on the genus of space
manifold [51], the GSD changes from m for the parent state
(with periodic boundary condition (PBC) along x direction)
to m2 for the perturbed state. The synthesized genon is solely
responsible for the additional m-fold degeneracy, and since it
has two endpoints (x1 and x2), we expect a zero-mode opera-
tor with quantum dimension of dm =
√
m (i.e., the advertised
Zm PFZMs) at each endpoint. So far, we only considered the
ideal case where αy(x)βy(x) = 0 everywhere. Now, we may
ask what if we have a situation where αy(x)βy(x) is finite ev-
erywhere? Do we still expect PFZMs at the domain walls?
How protected are they, and similar questions. We will study
these questions carefully in the remainder of this letter.
Before proceeding, we would like to point out a few re-
marks regarding the confinement of the PFZMs and genons.
If an excitation can be achieved without changing the Hamil-
tonian, it is called a dynamical or a deconfined excitation such
as fractional charge excitations of Laughlin states. However,
if an excitation can only be achieved through (usually locally)
changing the Hamiltonian itself first (or imposing a certain
boundary condition), it is called a confined excitation, e.g.,
the Majorana zero modes bound to vortices in topological su-
perconductors which require creating vortices first [52, 53].
Genons can be viewed as changing the Hamiltonian by insert-
ing a pair of twist operators which change the boundary con-
dition along y direction on one side and cause singularity in
the local curvature of the space manifold around them. There-
fore, genons and PFZMs bound to them are confined anyon
excitations. This can also be understood by noting that twist
operators act on the bosonic edge modes through either ex-
changing the two right-moving or left-moving ones (see Fig.
1(c)). In the first situation, their topological spins (related to
their conformal dimensions) are positive while in the second
case they would be negative. Both choices are valid and the
resulting chiral and anti-chiral twist operators must be iden-
tified accordingly. However, it is known that identifying two
anyons with opposite topological spins leads to anyon con-
finement [54].
In the following, we consider two types of systems to study
the stability of genons. (a) Haldane model based FCI studied
in Refs. 55 and 56. In this case, we have genons and trenches
with sharp edges in real space. (b) FQH system, where we
consider genons extended horizontally and in some cases ver-
tically. For these cases, in order to enjoy momentum conserva-
tion and avoid Landua level mixing, we assumed genons with
smooth boundaries which are still rich enough for our pur-
poses. For FQH based models of genons with sharp bound-
aries in real-space see the Supplemental Material (SM). In the
following, by finite genons we mean genons that are extended
between x1 and x2 points, and the values of αy and βy are
exchanged upon crossing these points. Infinite genons means
x1 and x2 are pushed to the boundaries of the system. As Fig.
1(d) suggests, the Hamiltonian of a region with arbitrary αy
and βy couplings is a linear combination of the two Hamilto-
nians associated with αy = 0, and βy = 0, respectively. In
this paper, Nx denotes the number of orbitals in the lowest
Landau level. We have considered systems up to 144 elec-
trons and DMRG calculations [57–60] with bond dimensions
up to 4000 states. We have first run infinite DMRG algorithm
introduced in Ref. 58 and finally made several sweeps with fi-
nite DMRG algorithm (see the SM for more details about the
models). We use the following various diagnostics to study
the stability of genons and their PFZM bound states against
inter-edge couplings:
(1) Ground-state degeneracy (GSD): As discussed above,
the quantum dimension of the Zm PFZMs is
√
m, so the GSD
in the presence of 2n PFZMs would multiply bymn. Fig. 2(a)
shows the energy spectrum in one topological sector of a 1/3
Laughlin state with a single finite genon (extended between
x = ±Lx/4) and PBC for several parameters. We have em-
ployed the method introduced in Ref. 61 to obtain the GSD
with DMRG. The given GSD must be multiplied by three to
obtain the overall GSD as there are three topological sectors
in the parent state. The lowest three energy eigenvalues in
the chosen topological sector are quite close compared with
higher energy states. The finite splitting is due to the finite
size effect, which becomes more evident by plotting energy
spectrum as a function of Ly and Nx. Another interesting fact
is that the ground-state energy is nearly independent of the
system size implying the localized nature of PFZMs (see the
SM for more details). In Fig. 2(b-d) we consider infinite hor-
izontal genons (extended between x = ±Lx/2) for various
parameters. As it can be seen, the GSD is 1(×3) for αy = 0
and becomes 3(×3) for αy = 1. Therefore, there should be
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Figure 2. The lowest energy eigenvalues (relative to the ground-state)
in one of the three topological sectors for FQH models. (a) Energy
spectrum of a finite horizontal genon between αy = 0, and αy =
1 versus Ly . (b-c) Energy spectrum of infinite horizontal genons
versus αy (b), and Ly (c). (d) f34 = (E4 −E1)/(E3 −E1) against
aspect ration (Ly/Lx). These plots imply that there is a topological
phase transition near αy = 1/2 in the thermodynamic limit, where
the GSD changes from 3 to 9 via increasing αy .
a quantum critical point in between. Using various tools, we
show that the phase transition happens near αy = 1/2. In the
thermodynamic limit, the GSD is expected to be 3(×3)-fold
for αy > 1/2, while there would be finite splitting due to the
finite size effect. To gain a better insight on the finite size ef-
fect, we plot the f43 ≡ E4−E1E3−E1 quantity against the aspect ratio
(Ly/Lx) for various system sizes. As Fig. 2(d) suggests, f34
takes it maximum around r ∼ 1. Finally, we obtain similar
results for vertically extended genons (see the SM).
(2) TEE shift: Let us consider a horizontal genon. As il-
lustrated in Fig. 1(b), the entanglement cuts before and after
the endpoints of a genon are topologically distinct, namely for
open boundary condition (OBC) the cut at xA yields a single
fictitious edge state of length Ly and for xB we obtain two
fictitious edge states each defined on a chain of length Ly/2.
Accordingly, the TEE is [62–65] γ0 = log(
√
m) on the left
side of the x1, and 2γ0 = log(m) for the middle points. Thus,
the TEE shifts by γ0 when crossing PFZMs bound to the twist
operators. In other words, the TEE is 2γ0 for αy > 1/2 and γ0
for αy < 1/2 regions for OBC. Another way to reach this re-
sult is by noting that the TEE of an edge state with total anyon
charge a is log(D/da), where D is the total quantum dimen-
sion and da the quantum dimension of a. Since for these twist
operators, dτ =
√
m, and a region with αy < 1/2 encloses
one τ operator while the region with αy > 1/2 does not, the
TEE shift is equal to log(dτ ) = γ0. In Fig. 3 we have studied
this entanglement shift for both FQH and FCI states. We can
clearly see the TEE shift between αy < 0.4 and αy > 0.6,
(a) (b)
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Figure 3. TEE (γ) measured as a function of αy for FQH (a) and FCI
(b) models on cylinder. We predict that γ is γ0 = log(
√
3) ' 0.549
for OBC when αy < 1/2 and in the thermodynamic limit, while it is
2γ0 for αy > 1/2. The finite size effect however enlarges the critical
point to a finite window around αy = 1/2.
while due to finite size effect the TEE shift for the intervening
parameter regime is harder to achieve.
(3) Central charge measurement: The Zm sine-Gordon
model of Eq. (1) is self-dual for αy = 1/2, and hence is ex-
pected to be critical. For the m = 3, it is known that it flows
to c = 4/5 parafermion conformal field theory (CFT) in the
IR limit [66]. Therefore, the whole system can be imagined
as a gapped 2D system in addition with a 1D critical line [67].
Thus, the entanglement entropy for an entanglement cut at x
must behave as Sαy=1/2 = Sαy=0 + SCFT , where Sαy=0 →
aLy − γ for x  lB , and SCFT = n0 c6 log(Lxpi sin( piLxx))
where n0 = 1 (2) for OBC (PBC) [68]. Therefore, we can
read the central charge of the critical genons by measuring
Sαy=1/2 − Sαy=0. In Fig. 4 and in the SM we show the
result of the entanglement calculation for various parameters
for FQH and FCI. We see a remarkable agreement between
theory and numerics.
(4) Charge pumping and flux insertion: Inserting a flux φ
in a topological phase on the cylinder will pump σxyφ electric
charge from one boundary to the other one [51, 56, 69, 70].
For the 1/m Laughlin state, we can label the m distinct
topological sectors on the cylinder by their qn = ne/m
(mod 1) fractional charges on the left boundary, where n =
0, · · · ,m − 1. As a result, inserting a quantum of flux adia-
batically takes us from ground-state n to ground-state n + 1
(mod m). Now, consider a horizontal genon with αy = 0.
We like to insert flux φ in the system which can be done un-
ambiguously as the system can be viewed as a single cylin-
der. However, there is an ambiguity in the determination of
the flux threading the upper (φ↑) or lower (φ↓) branches of a
genon with αy = 1, since we are now dealing with two de-
coupled cylinders (i.e. y ≤ Ly/2 and y > Ly/2 regions). The
only constraint is that φ↑ + φ↓ = φ, which fixes one of them
only. Thus, φ↑ can take any of the m possible quantized val-
ues, leading to an additional m-fold degeneracy of the whole
system. In terms of the charge polarization (transport), mea-
suring the amount of charge pumped through the upper branch
must exhibit quantization in units of n↑e/m for αy = 1. On
the other hand, for αy = 0, symmetry dictates the two (fic-
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Figure 4. The von Neumann entanglement entropy versus x at the
critical point for FQH (a-c) and FCI (d) models for various circumfer-
ences. The measured central charge is close to its theoretical value,
4/5 as critical genons for 1/3 filling are described by Z3 parafermion
CFT.
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Figure 5. Charge pumping due to one quantum of flux insertion
versus αy . ∆QA (∆QB) denotes the charged pumped through the
lower (upper) cylinder (in our model odd and even orbitals, respec-
tively), and ∆Q the sum of the two. We see that ∆QA ' ∆QB for
αy < 1/2, while for αy > 1/2, one cylinder is mostly responsible
for the charge transport.
titious) cylinders to contribute equally to the charge pumping
in the thermodynamic limit. Thus, the charge pumped through
each cylinder is ne/2m rather than ne/m. Generalizing this
observation to arbitrary αy , we predict that the quantum of
pumped charge is ne/2m ( ne/m ) for regions with αy < 1/2
(αy > 1/2). Fig. 5 summarizes our results for the charge
pumping measurement.
(5) Orbital Entanglement Spectrum (OES): The physical
edge states of topological states have a characteristic de-
generacy for a given momentum on the cylinder geometry.
For example, the edge state of a single layer FQH follows
1, 1, 2, 3, 5, 7, · · · counting for ∆Q = 0, 1, 2, 3, 4, 5, . . . mo-
menta [51]. A similar trend is expected for entanglement
cut [71, 72]. Now, consider a region with αy < 1/2, which
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Figure 6. OES versus αy . We predict the low lying edge-like ex-
citations to follow 1, 1, 2, 3, 5, 7, · · · counting for αy < 1/2. This
figure shows a remarkable agreement between theory and numerics.
Due to the finite size effect, αy = 0.6 is nearly critical, and the gap
between the edge-like and bulk spectra vanishes.
is smoothly connected to αy = 0. Such a region can be
viewed as a single cylinder, and the counting must follow
1, 1, 2, 3, 5, · · · , while a region with αy > 1/2 must exhibit
a different counting consistent with two decoupled cylinders.
In Fig. 6, we show the robustness and power of the OES ver-
sus αy for detecting the quantum phase transition.
(6) Momentum Polarization (MP): It is shown by Tu et al
[73] that translating a region near one boundary of a topo-
logical state along y direction can detect the central charge
of the edge state as well as the topological spin of the any-
onic excitations on that boundary. This is due to the fact
that the boundaries are gapless, and the translation opera-
tor is (partially) related to the computation of the CFT par-
tition function in a given topological sector (primary field)
at zero temperature which is proportional to χa
(
Ly
)
=
exp
(
2pii (ha − c/24) /Ly
)
. From this simple fact, we can
easily compute the topological spin of the twist operators liv-
ing at the endpoints of a genon. To this end, we need to
compare χ0
(
Ly
)
corresponding to an αy = 0 region with
trivial charge, with χ0
(
Ly/2
)
χ0
(
Ly/2
)
, which correspond
to a region with αy = 1 (we could indeed assign a1 and a2
anyon charges as long as a1 + a2 = 0). The twist operator
compensates the difference between the two regions, and thus
χτ = exp
(
2piihτ/
(
Ly/2
))
, where hτ = c/16. This is con-
sistent with predictions relating PFZMs to the twist operators
of an orbifold U(1)m CFT whose conformal and quantum di-
mensions are 1/16 and
√
m, respectively [19, 54]. Testing
this prediction for FQH states numerically requires regions
with sharp boundaries in real space, while our computations
for FQH states are done in orbital space whose boundaries are
5smooth in real space.
Conclusion.– We presented the first large scale numerical re-
sults for the topological geometric defects in FQH states and
studied the stability of the emergent NA anyons using state-
of-the-art DMRG algorithm. We showed that creating genons
changes the GSD not only for the ideal case where αyβy = 0,
but also when both couplings are nonzero. We listed a num-
ber of other novel signatures that can be employed to study the
stability of genons and the PFZMs bound to them and charac-
terize the topological phase transition. We carried our compu-
tations on both lattice realization of topological states (FCI)
and FQH systems. Our model Hamiltonian for FQH is simple
and captures the essential physics of the genons, and can be
generalized to study genons in more exotic phases. There are
still several interesting questions that need to be investigated
carefully. For example, the time evolution of the system can
shed light on the braid statistics of PFZMs. Also, the crit-
ical genons have a different CFT description from the bare
edges. The detailed knowledge of the transmutation of the
anyon content and primary fields of the two sides is still lack-
ing and future numerical studies can be helpful in this regard.
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7SUPPLEMENTAL MATERIAL:
NUMERICAL OBSERVATION OF PARAFERMION ZERO MODES AND THEIR STABILITY IN 2D TOPOLOGICAL STATES
In this supplemental material, we provide more details on the model Hamiltonians used in the main text and present additional
numerical results for the interested reader.
A. Our model Hamiltonian of genons for FQH state
In this section we present our model Hamiltonian of genons for the Landau level realization of Laughlin state, and also
comment on a related model which sharp boundary trenches. Let us first consider a chain of Fig. 7. The Hamiltonian of this
chain in real space can be written as
Hα,β = αH1,0 + βH0,1, (2)
whereH0,1 is the Hamiltonian of a single chain of length Ly , whileH1,0 = HA⊕HB is the Hamiltonian of two decoupledA and
B chains each of lengthLy/2. For later convenience, we assume that chainA is subject to the periodic boundary condition, while
chain B is subject to the anti-periodic boundary condition. Therefore, the momentum eigenvalues of chain A are quantized as
pAk =
2pik
(Ly/2)
, while for B we have pBk =
2pi(k+1/2)
(Ly/2)
. Additionally, the momentum eigenvalues of the larger chain are quantized
as pk = 2pik(Ly)
. The form of Hα,β in momentum space is rather involved, since the momentum states of the smaller chains are
nontrivially related to those of the larger chain. In order to see their relations, we can use the following expressions for the
electron annihilation operators:
ck =
Ly∑
y=1
F (y, k)cy =
Ly/2∑
y=1
F (y, k)cAy +
Ly∑
y=Ly/2+1
F (y, k)cBy (3)
F (y, k) = exp (ipky) /
√
Ly, pk = 2pik/
(
Ly
)
. (4)
We can consider the even and odd momenta separately after which we obtain:
c2k =
cAk + c
B
k+1/2√
2
(5)
c2k+1 =
cAk+1/2 − cBk√
2
, (6)
relation. However, as mentioned earlier, the momentum eigenvalues of chain A are quantized as 4kpi/Ly , thus the state with
4(k + 1/2)pi/Ly momentum which does not exist among them must be a linear combination of all valid momentum states.
Similarly, for chainB, momenta are naturally quantized as 4(k+1/2)pi/Ly , and therefore 4kpi/Ly must be expandable in terms
of valid momentum states. To find these linear relation, we can first to relate the real space electron annihilation operators of
chains A and B to their momentum counterparts as follows:
cAy =
∑
pA=4pik/Ly
F ∗A(y, k)c
A
k (7)
cBy =
∑
pB=4pi(k+1/2)/Ly
F ∗B(y, k)c
B
k+1/2 (8)
FA(y, k) = exp (ipAy) /
√
Ly/2, pA = 4pik/Ly (9)
FB(y, k) = exp (ipBy) /
√
Ly/2, pB = 4pi (k + 1/2) /Ly. (10)
Plugging the above relations into Eqs. (5), we obtain the following relations:
cAk+1/2 =
∑
q
Uqkc
A
q
8↵
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Figure 7. A cartoon relating the Hamiltonian of a chain that is neither a single large periodic chain nor two decoupled smaller periodic and
anti-periodic chains to the ideal cases. For later convenience, we have imposed the anti-periodic boundary condition on one of the small chains.
Uqk =
2
1− exp
(
i 4piLy
(k + 1/2− q)
) (11)
and a similar relation for cBk .
Now, let us consider the Landau level problem. Similar to the above relations, we need to first expand the electron annihilation
operator with momentum 2pi(2k)/Ly and 2pi(2k + 1)/Ly and on the n-th Landau level to their real space counterparts after
which we arrive at:
ck,n =
∑
x,y
F ∗(n, p, x, y)cx,y, p = 2pik/Ly (12)
F (n, p, x, y) = Hn(x− pl2B) exp(ipy)/
√
Ly, (13)
where Hn(x) is the n-th Hermite’s functions (we use the convention where Hermite’s functions contain both the Hermite’s
polynomials and the Gaussian part), and lB = 1/B is the magnetic length. In this letter, we adopt B = 1 unit. Following a
similar procedure as above, we arrive at the following relations:
c2k,n =
cAk,n + c
B
k+1/2,n√
2
(14)
c2k+1,n =
cAk+1/2,n − cBk,n√
2
(15)
where again cAk,n and c
B
k+1/2,n carry valid momenta, while c
A
k+1/2,n and c
B
k,n must be expanded in terms of other momentum
(k′) and Landau level index (n′) states. Doing so, the momentum conservation is gone, and the Landau level mixing has to be
considered, otherwise unitarity is violated.
Now let us consider the Hamiltonian of the following ideal cases:
1. HA is the Hamiltonian of the 1/3 fermionic Laughlin state on a cylinder of length Ly/2, and Nx/2 orbital states in its
lowest Landau level with Haldane’s V1 pseudo-potential for interaction. The length of the system along x direction is given by
Lx = 2piNx/Ly relation. We impose periodic boundary condition along y direction. The Hamiltonian can be written as follows:
HA =
Nx/2∑
nA=1
∑
k,l
Vk,l
(
Ly/2
)
cA †nA c
A
nA+l
cAnA+kc
A †
nA+k+l
+ h.c. (16)
pnA = 2pi
nA
Ly/2
= 2pi
2nA
Ly
. (17)
where
Vk,l
(
Ly/2
)
= A0
(
k2 − l2) exp(−2pi2 k2 + l2(
Ly/2
)2
)
= A′0
(
(2k)
2 − (2l)2
)
exp
(
−2pi2 (2k)
2
+ (2l)
2
L2y
)
= V2k,2l
(
Ly
)
.
(18)
We have chosen A0 and A1 normalization factors such that the maximum of Vk,l becomes 1.
2. HB is the Hamiltonian of the 1/3 fermionic Laughlin state on a cylinder of length Ly/2, and Nx/2 orbital states in its
lowest Landau level with Haldane’s V1 pseudo-potential for interaction. Again, the length of the system along x direction is
given by Lx = 2piNx/Ly relation. We impose anti-periodic boundary condition along y direction. The Hamiltonian can be
written as follows:
9HB =
Nx/2∑
nB=1
∑
k,l
Vk,l
(
Ly/2
)
cB †nB c
B
nB+l
cBnB+kc
B †
nB+k+l
+ h.c. (19)
pnB = 2pi
nB + 1/2
Ly
= 2pi
2nB + 1
Ly
. (20)
3. HAB is the Hamiltonian of the 1/3 fermionic Laughlin state on a cylinder of length Ly , and Nx orbital states in its lowest
Landau level with Haldane’s V1 pseudo-potential for interaction. The length of the system along x direction is still given by
Lx = 2piNx/Ly relation. We impose periodic boundary condition along y direction. The Hamiltonian can be written as follows:
HAB =
Nx∑
n=1
∑
k,l
Vk,l
(
Ly
)
c†ncn+lcn+kc
†
n+k+l + h.c. (21)
pn = 2pi
n
Ly
. (22)
The Hamiltonian of an infinite genon with sharp boundaries along y direction and βy strength is βyHAB + αy (HA +HB),
where as before αy + βy = 1. However, we must note that the momentum states of each Hamiltonian is defined in a different
basis, and to have a sharp edge genon we have to choose one basis and write them all in that basis. On the other hand, as we
noted before, doing so will require both Landau level mixing and losing momentum conservation which makes computations
very challenging if not quite impossible.
To resolve the above issue, we take a different route and use the fact that the position of the single particle states along x
direction is tied to their momentum along y direction for a given Landau level. For example, a single particle wave function with
momentum pn = 2pin/Ly on the lowest Landu level has a peak at x = pnl2B . We consider a genon extended between orbitals
n1 and n2 (recall that 〈xi〉 = 2pini/Ly). We also assume αy and βy have momentum dependence which can be translated into
smooth x dependence. With these assumption, we simply ignore that the momentum states are note quite equal in different
states and assume c2k,0 = cAk,0, and c2k+1,0 = c
B
k+1/2,0. This for sure means the model Hamiltonian is slightly different, but
through various comparisons with our results for genons on lattice that have sharp boundaries as well as the fulfillment of strong
theoretical expectations and constraints on the results, and more importantly acceptable agreements with vertical genons that
can be modeled unambiguously (see the next section), we claim the two models are smoothly connected and belong to the same
topological universality class.
To summarize, our model Hamiltonian for horizontal genons with βy(n) strength around the n-th orbital is given by the
following Hamiltonian:
Htot =
Nx∑
n=1
V k,l
(
Ly
)
c†ncn+lcn+kc
†
n+k+l + h.c. (23)
V k,l
(
Ly
)
=
{
Vk,l
(
Ly
)
both k and l are even
βy (n)Vk,l
(
Ly
)
either k or l is odd (24)
We would like to emphasize that above issues are absent for vertical infinite genons, and the fact that our energy spectrum
results for horizontal genons agree quite well with those for vertical genons is another signature that our model Hamiltonian of
genons for FQH state captures all the essential physics needed for genons.
B. VERTICAL INFINITE GENONS AND GSD CALCULATIONS
In this section we comment on our model of genons extended all the way to the boundaries along y axis for FQH systems. We
impose PBC along y direction. Similar to the case of horizontal genons, we need to create four edge states first, two of which
are chiral and the remaining two ones are anti-chiral. To this end, we must carve four edges as shown in Fig. 8(a). Then, in
general the edge 1R can couple to both 1L and 2L, with coupling strengths equal to βx and αx = 1 − βx, respectively. We
assume the same couplings couple 2L to 2R and 1R, respectively. Now, it is easy to verify that the Hamiltonian of this genon is
a linear combination of the Hamiltonian of the two extreme cases, as shown in Fig. 8(b), i.e., the Hamiltonians associated with
αx = 1 (βx = 0) and βx = 1 (αx = 0). From the cut and glue approach we can easily tell that the Hamiltonian associated
with βx = 1 corresponds to gluing edge 1R to 1L and 2R to 2L, after which we obtain a single torus of length Lx along x and
Ly along y direction. Moreover, αx = 1 corresponds to gluing edge 1R to 2L and 2R to 1L, after which we are left with two
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Figure 8. A schematics of a vertical infinite genon (a) and the corresponding Hamiltonian and space manifold (5).
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Figure 9. Lowest ten energy eigenvalues of an infinite vertical genon versus coupling strength (αx) as well as Ly . The shown energy spectrum
is computed in one of the three topological sectors. The other two sector have identical energy spectra, so to find the overall degeneracy, the
GSD shown in these plots must be tripled. These plots corroborates our expectation of having 9-fold GSD for αx > 1/2 in the thermodynamic
limit.
decoupled tori each of length Lx/2 along x and Ly along y direction. The Hamiltonian of the first and the second case can be
easily constructed using the Haldane pseudo-potentials utilized in the previous section. Similar to the horizontal genons case,
our theoretical prediction is 9-fold degeneracy for αx > 1/2 and 3-fold degeneracy for αx < 1/2 and a quantum critical point
at αx = 0 in the thermodynamic limit. Of course, there would be finite size effect. However, as Fig. 9 indicates, the finite size
effect becomes weaker by considering aspect ratios (Ly/Lx) closer to unity.
C. MORE RESULTS FOR GSD
In this section we provide more results for the energy spectrum of both horizontal and vertical genons (see Fig. 10). We show
that for Nx = 96 we obtain energy spectrum of a finite horizontal genon extended between x1 = −Lx/4 and x2 = Lx/4 which
are similar to Fig. 2 of the main text. Additionally, we observe that the ground-state energy is almost independent of the genon’s
size, which implies the localization of the PFZMs (see Fig. 12).
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Figure 10. The energy spectrum of a finite horizontal genon (with αy changing from 0 to 1) for a Landau level with 96 orbitals (single particle
basis states). Again, these energies are projections to one of the three topological sectors only.
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Figure 11. The ground-state energy of the finite horizontal genons (with αy changing from 0 to 1) as a function of Ly for two system sizes:
Nx = 48 and Nx = 96 orbitals. The ground-state energy is almost independent of the system size, which points toward the localization of
PFZMs bound to the domain walls.
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Figure 12. The von Neumanns entanglement entropy calculated for αy = 0 (a) and αy = 1/2 genons on the torus geometry. Their difference
was used in the main text to extract the central charge of critical genons.
D. THE CENTRAL CHARGE MEASUREMENT
In this section we provide the entanglement entropy of two infinite horizontal genons with αy = 0, and αy = 1/2 parameters,
respectively. Using them, we can extract the central charge of the critical region associated with αy = 1/2. We obtain similar
plots for other parameters used in Fig. 4 of the main text.
